We reveal that optical saturation of the low-energy states takes place in graphene for arbitrarily weak electromagnetic fields. This effect originates from the diverging field-induced interband coupling at the Dirac point. Using semiconductor Bloch equations to model the electronic dynamics of graphene, we argue that the charge carriers undergo ultrafast Rabi oscillations leading to the anomalous saturation effect. The theory is complemented by a many-body study of the carrier relaxations dynamics in graphene. It will be demonstrated that the carrier relaxation dynamics is slow around the Dirac point, which in turn leads to a more pronounced saturation. The implications of this effect to the nonlinear optics of graphene is then discussed. Our analysis show that the conventional perturbative treatment of the nonlinear optics, i.e., expanding the polarization field in a Taylor series of the electric field, is problematic for graphene, in particular at small Fermi levels and large field amplitudes.
We reveal that optical saturation of the low-energy states takes place in graphene for arbitrarily weak electromagnetic fields. This effect originates from the diverging field-induced interband coupling at the Dirac point. Using semiconductor Bloch equations to model the electronic dynamics of graphene, we argue that the charge carriers undergo ultrafast Rabi oscillations leading to the anomalous saturation effect. The theory is complemented by a many-body study of the carrier relaxations dynamics in graphene. It will be demonstrated that the carrier relaxation dynamics is slow around the Dirac point, which in turn leads to a more pronounced saturation. The implications of this effect to the nonlinear optics of graphene is then discussed. Our analysis show that the conventional perturbative treatment of the nonlinear optics, i.e., expanding the polarization field in a Taylor series of the electric field, is problematic for graphene, in particular at small Fermi levels and large field amplitudes.
Graphene is a two-dimensional material made of carbon atoms in a honeycomb structure. Its reduced dimensionality and the symmetries of its crystalline structure render graphene a gapless semiconductor [1] . Graphene exhibits a wealth of exceptional properties, including a remarkably high mobility at room temperature [2] , Klein tunneling and Zitterbewegung [3, 4] , existence of a nonzero Berry phase, anomalous quantum Hall effect [5] [6] [7] , quantum limited intrinsic conductivity [8] , and a unique Landau level structure [9, 10] . Underlying these peculiar electronic properties are its pseudo-relativistic quasiparticles that obey the massless Dirac equation [1] . As a direct consequence of their massless nature, the Dirac fermions have definite chiralities [11, 12] . Owing to the specific symmetries of the crystalline structure of graphene, the dynamics of the massless Dirac quasiparticles and their chiral character are topologically preserved-i.e., many-body induced band renormalizations as well as any moderate perturbations of the lattice will not open a gap in graphene's band structure [13] . A large number of the unusual properties of graphene are associated with the topologically protected band-crossing and the chiral dynamics of the charge carriers [3] .
One major consequence of the topologically protected chirality of the charge carriers is the anomalous structure of the interband coupling mediated by an electromagnetic field. Its dipole matrix element obtained in the length gauge [14] exhibits a singularity at the degeneracy points, in contrast to ordinary (and even other gapless) semiconductors [15, 16] . This has raised some controversy regarding the treatment of the optical response of graphene [15, 17] . Specifically, the perturbative treatment of the nonlinear optical response has been questioned [17, 18] . The nonlinear optical coefficients of graphene obtained by means of perturbation theory suffer from a nonresolvable singularity [15, 17] . Although substantial effort has been spent on developing comprehensive models for the nonlinear optical response of graphene [17] [18] [19] [20] [21] [22] [23] , a self-consistent theoretical model that can resolve the above issue is still lacking. In addition, many experimental studies of the nonlinear optics of graphene have been reported [24] [25] [26] [27] [28] -some of these studies are difficult to reconcile with existing theoretical models.
In this Letter, we show that the singular nature of the interband dipole coupling causes the charge carriers in the vicinity of the Dirac points to undergo ultrafast Rabi oscillations accompanied by slow relaxation dynamics, which, intriguingly, yields an anomalous saturation effect. This finding necessitates revisiting the perturbative treatment of the nonlinear optical response of graphene to account for the extreme nonlinear interactions around the Dirac points. These conclusions will be reached by describing the dynamics of the charge carriers with semiconductor Bloch equations (SBEs) [29, 30] .
We consider a free-standing graphene monolayer (in the xy plane) illuminated by a normally incident electromagnetic field. The monochromatic and spatially uniform optical field at the graphene layer is described by E(t) = E 0 e iωt + c.c., where E 0 is parallel to the graphene plane. The light-matter interaction is considered semiclassically and the external field coupling is obtained in the length gauge [14] . For photon energies below approximately 2eV, the electronic dynamics of the quasiparticles in the absence of external radiation is adequately described by the massless Dirac equation yielding the relativistic energy-momentum dispersion E k = ± v F |k| [1] , where k is the Bloch wave vector with respect to the Dirac point and v F is the Fermi velocity. Coupling to electromagnetic radiation alters the band structure of graphene by dressing the eigenstates and a bandgap can arXiv:1806.10123v1 [cond-mat.mes-hall] 26 Jun 2018 be opened [31] , which is reproduced by our model.
The SBEs describe the coupled dynamics of the population difference N (k, t) and the polarization (coherence) P(k, t) in the momentum state k. In the absence of electromagnetic radiation, the population difference relaxes to N
An electromagnetic field drives the system out of equilibrium via the coupled intraband and interband dynamics. In a moving frame {τ, k } = {t, k − δk(t)}, where δk obeys ∂δk ∂t + Γδk = − e E(t) (Γ is a phenomenological intraband relaxation coefficient), the dynamics of the charge carriers is governed by
where
is the matrix element of the external potential of the direct optical transition, and the unit vectorφ k is defined asφ k =ẑ × k/k. The frequency k = 2E k is the energy difference between the energy levels of the conduction and valence bands. γ are k-dependent relaxation coefficients stemming from many-body effects such as electron-electron and electron-phonon interactions. The detailed derivation of our theoretical model is provided in the Supplemental Material [32] .
The light-graphene interaction as described by Eqs. (1a)-(1b) can be interpreted as an ensemble of inhomogeneously broadened two-level systems (one for each k). The last term in each of the two equations will lead to Rabi oscillations. Because of the singularity in Φ(k , τ ) for |k| → 0, we can expect ultrafast Rabi oscillations around the Dirac point, which are damped by manybody interactions. The decay terms drive the two-level systems towards an equilibrium state. Since the interband coupling is strong around the Dirac point (equivalent to highly intense illumination), the effective field leaves the two-level systems in a statistical mixture of the ground and excited states with equal weights and absorption quenching takes place. Thus, the states around the Dirac points undergo a saturation effect, even when illuminated by an arbitrarily weak electromagnetic field.
This saturation behavior can be further understood by studying the steady-state solution of the SBEs, which is
where Φ k = eE 0 ·φ k / k is the complex phasor associated with Φ(k, t).The function ∆ k = ω − k denotes the detuning of the two-level system at k with respect to the excitation. Since | Φ k | is arbitrarily large for small-k states, in the vicinity of the Dirac point, the population N k cannot be expanded in a Taylor series of the fieldΦ. This implies that the nonlinear optics of graphene is in principle a nonperturbative problem. Indeed, due to the singularity of the interband coupling in graphene, there is always a region around the Dirac point where graphene is optically saturated. The saturation threshold E sat k is given by
Saturation occurs of course in any two-level system at high field intensities. However, in graphene the saturation threshold field E sat k is zero at the Dirac point (k → 0) and, hence, there is always a region of k-space where E 0 > E sat k , even for arbitrarily weak intensities. The peculiar low-threshold saturation mechanism in graphene can be quantitatively resolved using a timedomain analysis of the graphene SBEs. For the sake of comparison, this analysis has been performed for two distinct continuous excitations with optical frequency of ω = 80meV (terahertz range) and ω = 800meV (infrared), respectively. In both cases, the electric field is linearly polarized along theŷ direction with magnitude E 0 = 10 6 V/m. Graphene is assumed to be undoped here and is initially held at room temperature. The relaxation coefficients γ (1) k and γ (2) k are determined using a microscopic theory, which encompasses carrier-carrier as well as carrier-phonon scattering channels and takes into account all relevant relaxation paths including interband and intraband and even inter-valley processes [33, 34] . We refer to the Supplemental Material for the details of the many-body model [32] as well as the methodology used to extract the relaxation coefficients. The resulting relaxation coefficients are plotted in Fig. 1(b) and (c). We note in particular that γ (1) k tends to be zero around the Dirac point, which confirms the slow relaxation dynamics suggested above.
The relative change in the stationary component of the population difference due to the optical excitation as well as the amplitude of the oscillating induced polarization are shown in Fig. 1(d) and (e). To obtain the steadystate components, we performed a Fourier analysis within a time window where the transient response has died out. As expected, we observe a well-pronounced modified population difference around the Dirac point due to the spontaneous polarization effect (dark red region around the center). This effect is stronger for lower-frequency excitations-indeed, according to Eq. (3) a smaller detuning yields a weaker saturation threshold. The region in k-space where the spontaneous optical saturation is significant is well extended from the Dirac point. We note here that the size of the region depends on the applied field intensity-we will show below that this is the origin of the nonperturbative nature of the nonlinear optical response. In addition, there is of course the traditional optical saturation region for ∆ k ≈ 0 (indicated by the yellow dashed line).
Before we continue with the importance of this anomalous optical saturation for the nonlinear optics of graphene, let us briefly make a few remarks regarding the origin of this anomaly. First, the origin of the inverse dependence of the interband transition matrix element on the wave number can be linked to the distinctive mathematical structure of the current operator. It is straightforward to show that the interband coupling matrix element at wavenumber
where J cv is the off-diagonal element of the current operator. In contrast to ordinary semiconductors, the offdiagonal components of the current operator in graphene and other chiral materials are strictly nonzero even at the band crossing points [35] . As a direct consequence of this property of massless Dirac quasiparticles, the interband part of the position operator carries a first-order singularity at the degeneracy point. Second, one may wonder why we have not used the velocity gauge, in which optical coupling is obtained by minimal substitution k → k + eA where E = −∂A/∂t. It is important to note that this approach is not gauge invariant in the "effective Hamiltonian" picture [36] [37] [38] . We show in the Supplemental Material that a modification of the velocity gauge is indeed required to yield a physically correct result [32] . This modification gives rise to the 1/k dependence of the interband coupling in the vicinity of the Dirac point [38] .
We now turn to the nonlinear optics of graphene. Let us consider a nonlinear pump-probe experiment in which graphene is simultaneously subjected to the a pump (ω c ) and a weaker probe (ω p ) laser beam. The conductivity tensor of graphene in the presence of the pump field and "seen" by the probe field is calculated in the Supplementary Material [32] . Fig. 2 displays the change to the conductivity tensor due to the pump fields described earlier.
The latter is related to the absorption coefficient of the probe beam: α ≈ Re{σ}/4ε 0 c, where c is the speed of light in vacuum. The relative change in absorption of the probe beam is also shown in Fig. 2 . For the 80meV pump beam, there is strong saturation for a probe beam at the
FIG. 2.
The change in the conductivity of graphene seen by the probe field (with frequency ωp) in a pump-probe experiment for the pump frequecies (a) ωc = 80meV and (b) ωc = 800meV. The conductivity is normalized to σ 0 = e 2 /4 . The corresponding changes of the absorption coefficient of graphene for different intensities of the pump field are shown to the right of the conductivity plots.
FIG. 3. (a)
In the calculation of the semiperturbative nonlinear coefficient, the saturated region (blue disc) is excluded, and only states in the unsaturated region (green region) play a role. (b-d) The Kerr-type nonlinearity of graphene obtained from the analytical approach (blue shaded regions) and the semiperturbative approach (i.e., σ (3) (ω, ω, −ω), black dotted curves) plotted for different field magnitude. The vertical axis shows different electric field magnitudes (i.e E 0 ). The two distinctive red shaded regions are the saturation regions in E 0 − ω plane due to, respectively, zero detuning and the strong interband coupling in the vicinity of the Dirac points. Results for different Fermi levels (i.e. E f ) are displayed in (b-d). Note the different scales in the insets, which depict the third-order nonlinear coefficient.
same frequency-this is because the pump beam has saturated the interband transition. For a probe beam with a much lower frequency (ω p ≈ ω c /100), there is also strong saturation-the latter must be due to the unconventional effect discussed above. For the 800meV pump, a weaker saturation is observed for a low-frequency probe. Indeed, for a higher-frequency pump the region of the lowthreshold saturation is smaller [observe in Eq. (3) that a larger detuning results in a larger saturation field]. Although the above example discusses the anomalous saturation effect for undoped graphene, the effect happens for a range of Fermi levels. Therefore, it will also be observed in samples where the charge-neutrality point fluctuates in space.
We now move on to discuss the applicability of perturbation theory in the analysis of the nonlinear response of graphene. As detailed in Ref. [15] , the standard perturbative treatment of the optical response of graphene leads to a nonresolvable singularity in its higher-order nonlinear coefficients (beyond the linear response) originating from the small-k states. We now understand that these states should be excluded because they are saturated. However, since the saturation threshold depends on the field intensity, the nonlinear response coefficients calculated with standard perturbation theory become field dependent too. But let us investigate under what circumstances the standard nonlinear coefficients have meaning.
As mentioned earlier, neglecting the momentum of the absorbed photon, the optical transitions are vertical in k-space and, therefore, every point in the reciprocal space can be treated independently. It is argued in Refs. [15, 17, 21] that nonlinear frequency mixing in graphene can be decomposed into a number of additive contributions (see the Supplemental Material for a complete theoretical analysis [32] ), i.e., the nonlinear conductivity tensor is
k , where K sat is the radius (with respect to the Dirac point) of the spontaneously saturated region in k-space and is obtained from Eq. (3):
and I
(l)
k represents the contribution of the quasiparticles with Bloch index k to the l'th order nonlinear optical response. E 0 is the magnitude of the largest electric field component (most often a pump field) participating in the nonlinear process and ω is its frequency.
In order to gain insight into the intensity dependence of the nonlinear response coefficients obtained from the above-described semiperturbative approach, we compare in Fig. 3 the third-order nonlinear response defined as |σ (3) xxxx (ω, ω, −ω)| (where we have now used kindependent relaxation constants as usual) with the results of the full solution of SBEs (see the Supplemental Material [32] ). The blue shaded regions display the nonperturbative solution and the black dotted curves are the results of semiperturbative approach. First, owing to the low-threshold saturation effect, there is a noticeable field dependence of the third-order nonlinear (Kerr-like) response for lower Fermi energies. When the field intensity becomes large enough to extend the saturation region to the excited k-states, the semiperturbative approach fails. As the Fermi energy becomes larger, the optically induced Pauli blocking becomes less important as the low-energy states are already Pauli blocked. It is worth pointing out that we have observed significant dependence of the results on K sat . Therefore, the exact exclusion of the saturated region is necessary to achieve accurate results.
In conclusion, we have demonstrated that the topologically protected singular interband coupling in graphene leads to ultrafast Rabi oscillations which excites the quasiparticles faster than they can relax back to the ground state. This leads to an anomalous optical saturation of the low-energy quasiparticles in graphene. Subsequently, we have shown that due to this effect the small-k states have to be excluded for the perturbative calculation of nonlinear optical coefficients of graphene. As a result the nonlinear coefficients obtained from perturbation theory exhibit a noticeable field dependence particularly for higher field intensities and small Fermi levels. We speculate that similar effects may be found in other Dirac materials and in Weyl semimetals.
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